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Why ONNs? Why this works?

• Information is encoded 

in relative phase.

• Computation is 

convergence of a 

coupled dynamical 

system.
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Introduction

• The missing piece: design rules linking circuits, phase 

dynamics, and learning.



Our target: a design pipeline

Main point: phase reduction is not only a simulation 

shortcut: it is a compact analytical layer for ONN design.
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Starting point: 

nonlinear coupled oscillators
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ሶ𝑥𝑖 = 𝑓𝑖 𝑥𝑖 + 𝜀 ෍

𝑗 ∈𝒩𝑖

𝑐𝑖𝑗 𝑥𝑖 , 𝑥𝑗

oscillator dynamics

physical coupling

coupling strength

Phase-reduction framework

Example: a coupled oscillator network

state variable

derivative



Key reduction idea: 

phase + amplitude
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𝑥𝑖 𝑡 = 𝑥𝑠 𝜃𝑖 𝑡 + Y 𝜃𝑖 𝑡 𝑅𝑖 𝑡

position along

the limit cycle

transverse

deviation

Synchronization lives mainly in 𝜽𝒊

Phase-reduction framework



From full dynamics 

to phase dynamics
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Phase-reduction framework

Exact near-cycle description:

𝑥𝑖 → 𝜃𝑖 , 𝑅𝑖

Stable limit cicle + weak coupling:

𝑅𝑖 ≈ 0, 𝜓𝑖 = 𝜃𝑖 − 𝑡

Averaging gives a slow phase-deviation model:

ሶ𝜓𝑖 ≈ 𝜀 mismatch + coupling

Synchronized oscillations become equilibria in phase space.



Electrical implementation: 

the reduced phase equation

For the nonlinear memristor-enhanced 

oscillator network:

ሶ𝝍𝒊 = 𝜺
𝜶

𝟐𝝎
෍

𝒋∈𝒩𝒊

𝜿𝒊𝒋 𝒔𝒊𝒏 𝝍𝒊 −𝝍𝒋

Energy-based ONN formulation
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• Conductances set coupling weights

• Kuramoto-like dynamics is derived here

𝜅𝑖𝑗 =
𝐿

𝑅𝐶
𝐺𝑖𝑗

𝑡𝑤𝑒𝑎𝑘𝑎𝑏𝑙𝑒
𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒
𝑝𝑟𝑒𝑓𝑎𝑐𝑡𝑜𝑟

𝛼 =
1

𝑅

𝐿

𝑅𝐶



Energy interpretation: 

associative memory

• Phase-locked states equilibria

• Equilibria energy minima

• Stored patterns desiderd minima

• Retrieval = convergence to a basin

For symmetric coupling:

ሶ𝝍𝒊 = −
𝝏𝑬

𝝏𝝍𝒊

𝑬 𝝍,𝑾 = −
𝟏

𝟐
෍

𝒊,𝒋

𝒘𝒊𝒋𝒄𝒐𝒔 𝝍𝒊 −𝝍𝒋

Energy-based ONN formulation
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Equilibrium Propagation 

in phase space

Local pairwise update:

Δ𝑤𝑖𝑗 ∝ cos 𝜓𝑖
𝛽
− 𝜓𝑗

𝛽
− cos 𝜓𝑖 − 𝜓𝑗

Compare correlations before and 

after nudging

Free phase: 𝜓

nudged phase: 

𝜓𝛽

+𝛽𝐶

Energy-based ONN formulation
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Validation setup: 

synthetic associative memory

• 10 hand-drawn digits

• 16×16 pixels ⟹𝑁 =256 oscilaltors

• Test: Gaussian noise and phase flips

Task: recover the stored phase pattern.

White: 𝜓 = 𝜋

Black: 𝜓 = 0

Numerical validation
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Synthetic dataset results: 

EP learns, but overtraining is a risk 

• >90% after training

• Peak 100% at 128 epochs

• Baseline EP degrades later

Numerical validation
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Successful retrieval: 

phases cluster into a digit

Readout: ො𝑥𝑖 = 𝑠𝑖𝑔𝑛 cos𝜓𝑖

Numerical validation
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prediction

target

𝜓 ≈ 𝜋

𝜓 ≈ 0

0 < 𝜓 < 2𝜋



Failure mode: hybrid attractors

• Clusters splits 

near decision 

boundaries

• Signs of cos𝜓𝑖 flip

• Correct digit drifts 

to a mixture
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prediction

target

White: 𝜓 = 𝜋

RED: wrong phase deviation prediction



Modified EP: local stabilization

Δ𝑊𝑖𝑗 ⟵ ΔW𝑖𝑗
𝐸𝑃 −𝑊𝑖𝑗 ⋅ 𝛾 cos

2 𝜓𝑖

𝑊𝑖 ⟵
𝜌𝑖
𝑊𝑖 2

𝑊𝑖

Oja-like decay

Limits correlated-mode growth Synaptic scaling

Bounds total input to each unit
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Numerical validation



MNIST-derived validation

Simulation setup

• Prototype per digit 

class

• Naturally varying 

handwritten inputs

• Modified EP

Results

• 91.16% Train

• 90.26 test

• 88.40% confusion matrix @ 400 epochs
17/20

Numerical validation



Interpretation and limits

What is validated?

• Attractor basins are shaped 

by learning

• Failure modes are visible in 

phase space

• (semi-)Local stabilization 

improves robustness

What remains open?

• Amplitude effects under 

strong coupling

• Oscillator heterogeneity

• Device-level nonidealities

• Hardware cost model
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Interpretation and conclusion



Take-home message

ONNs become designable energy-based 

systems.
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Energy Based Training Methods 

for Neuromorphic Oscillatory 

Neural Networks with 

Memristors

Thank you for listening!

Any questions?



A1: exact phase-amplitude equations

No approximation yet: this is a coordinate

change near the limit cycle.
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Appendices

𝑥𝑖 𝑡 = 𝑥𝑠 𝜃𝑖 𝑡 + 𝑌 𝜃𝑖 𝑡 𝑅𝑖 𝑡

ሶ𝜃𝑖 = 1 + 𝑎𝜃 𝜃𝑖 , 𝑅𝑖 + 𝜀 𝛿𝑎𝜃 𝜃𝑖 , 𝑅𝑖 +෍

𝑗

𝐶𝑖𝑗 𝜃𝑖 , 𝑅𝑖 , 𝜃𝑗 , 𝑅𝑗

ሶ𝑅𝑖 = 𝐿 𝜃𝑖 𝑅𝑖 + 𝑎𝑅 𝜃𝑖 , 𝑅𝑖 + 𝜀 𝛿𝑎𝑅 𝜃𝑖 , 𝑅𝑖 +෍

𝑗

𝐷𝑖𝑗 𝜃𝑖 , 𝑅𝑖 , 𝜃𝑗 , 𝑅𝑗



A2: when is 𝑹𝒊 ≈ 𝟎 justified?
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Appendices

• Stable limit cycle

• Transverse perturbations decay

• Coupling must stay below 

bifurcation threshold

• Floquet multipliers quantify 

margin



A3: Validity limits
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Reduction is valid if:

• Limit cycle is stable

• Coupling is weak

• Amplitude deviations stay small

• No limit cycle bifurcation occurs

Consequence:

𝑹𝒊 ≈ 𝟎⟹ 𝒙𝒊 ≈ 𝒙𝒔 𝜽𝒊 𝒕

Appendices



A4: circuit equations 

used for reduction
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Appendices

+
𝑣𝑖

−
𝑖𝑖

𝑖𝐺 𝑣𝑖 = −𝑔𝑎𝑣𝑖 + 𝑔𝑏𝑣𝑖
3

𝑥𝑖 = 𝒗𝒊

𝑦𝑖 = 𝑅𝒊𝒊

ሶ𝑥𝑖 = 𝛽𝑥𝑖 − 𝛼𝑦𝑖 − 𝛾𝑥𝑖
3 − 𝜀 ෍

𝑗∈𝑁𝑖

𝜅𝑖𝑗 𝑥𝑖 − 𝑥𝑗 , ሶ𝑦𝑖 = 𝑥𝑖 − 𝑦𝑖

𝛼 =
1

𝑅

𝐿

𝑅𝐶
, 𝛽 = 𝑔𝑎

𝐿

𝑅𝐶
, 𝛾 = 𝑔𝑏

𝐿

𝑅𝐶
, 𝑘𝑖𝑗 = 𝐺𝑖𝑗

𝐿

𝑅𝐶

ሶ𝜓𝑖 = 𝜀
𝛼

2𝜔
෍

𝑗∈𝑁𝑖

𝑘𝑖𝑗 𝜓𝑖 − 𝜓𝑗

circuit state equations phase equation



A5: why Kuramoto-type 

dynamics is used?
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Appendices

• It is a representative instance of the general reduced 

frameworks

• It gives a minimal benchmark where dynamics, energy, 

and EP are explicit

• More complex oscillators can be inserted in the same 

pipeline

• They would mainly add empirical validation, not alter 

the core analytical link



A6: augmented energy for EP
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Appendices

𝐹 𝜓𝛽, 𝑇,𝑊, 𝛽 = 𝐸 𝜓𝛽,𝑊 + 𝛽𝐶 𝑇, 𝜓𝛽

ሶ𝜓𝑖
𝛽
= −

𝛿𝐹

𝛿𝜓𝑖
𝛽

Δ𝑤𝑖𝑗 ≈ 𝜂
cos 𝜓𝑖

𝛽
− 𝜓𝑗

𝛽
− cos 𝜓𝑖 − 𝜓𝑗

𝛽

The update is local

it depends on pre/post phase correlation



A7: MNIST mismatch statistics
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Appendices

MNIST is farther from the prototypes and 
more variable than controlled 

perturbations in the synthetic dataset

Dataset Mean Cosine L2 Std Cosine L2 Mean Hamming

Synthetic + Gauss 0.038 0.0068 0.0017

Synthetic + Flip 0.400 0.0680 0.1000

MNIST train 0.391 0.1510 0.0980

MNIST test 0.481 0.1740 0.1200



A8: Why MNIST is a harder retrieval test

Synthetic perturbations

• Controlled deviation from stored pattern

• Known corruption mechanisms

• Simpler basin-retrieval test

MNIST-derived inputs

• Natural handwritten variability

• Larger mismatch and dispersion

• Closer to class-level retrieval

Interpretation

Comparable train/test accuracy 

suggests basin shaping, 

not prototype memorization
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Appendices
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